Pure translation instantaneous normal modes: Imaginary frequency contributions vanish at the glass transition in CS 2 J. Chem. Phys. 107, 7275 (1997) We manifest the characteristics of the low-frequency, quasilocalized instantaneous normal modes, named as the instantaneous resonant modes ͑IRMs͒, in simple dense fluids with short-ranged repulsive interactions. The analyses include the potential energy profiles of the IRMs, and the local geometric structures and the number of the interacting neighbors of the particles at which the centers of the quasilocalization are located. We conclude that an IRM is created due to fluctuations in the local density, and has a barely-isolated center, which slightly interacts with one or two nearest neighbors, and the potential energy profile of an IRM is basically single-well with strong anharmonicity. The differences in character between the IRMs and the high-frequency localized instantaneous normal modes are also examined. Based on the barely isolated center picture, a necessary criterion for the occurrence of the IRMs is proposed. While only the imaginary-frequency IRMs are found in dense fluids with purely repulsive interactions satisfying the criterion, a tiny attractive well in the pair potential allows the occurrence of the real-frequency IRMs. The physical systems to detect the presence of the IRMs are discussed.
I. INTRODUCTION
Resonant modes, low-frequency quasilocalized vibrational excitations, occur in various kinds of solids and have been one of the most interesting subjects in solid-state physics.
1 Properties of resonant modes in harmonic lattices with heavy mass or weakly coupled impurities 2 or in anharmonic lattices 3, 4 have been well studied analytically. In the former case, the vibrational motion of a resonant mode is sharply localized to an impurity and its nearby particles, and the decay of the quasilocalized vibration from the impurity is generally not exponential, but is much more extensive in space. In glassy systems, resonant modes have been observed by experiments 5 and computer simulation [6] [7] [8] and are proposed to be the physical origin of many anomalous thermal properties, including the specific heat and the thermal conductivity, of glasses at temperatures above 1 K. 9 The potential energy profiles of the resonant modes in glasses can be described by the soft-potential model, [10] [11] [12] which occurs in the single-well potentials with strong enough anharmonicity.
Materials in the fluid phases have many different dynamic properties from those in the solid phases, for their constituents moving more rapidly and irregularly as compared with the molecular motions in solids. Energy landscape paradigms are usually used to describe qualitatively the dynamic behavior of fluids. 13 In the configuration space, the potential energy hypersurface of a many-particle system has been proposed to possess many local minima, which correspond to the inherent structures of the system. 14 The motions of the system at high temperatures can be visualized as vibrational motions around an inherent structure in the shorttime scales, and making transitions between the inherent structures through barrier crossings in the long-time scales. Thus, the overall landscape is anharmonic in general, and the dynamics of a fluid at high temperatures should experience the anharmonicity of the landscape. 15 Similar in concept to the phonon modes in the crystalline solids, which give a good description of lattice dynamics, the instantaneous normal modes ͑INMs͒, which describe well the fluid dynamics in the short-time scales, 16, 17 are the harmonic analysis for the local curvatures of the landscape through such a way that the INM frequencies at a configuration are given by the square roots of the eigenvalues of the Hessian matrix, the matrix of second derivatives of the potential energy hypersurface with respect to particle coordinates. Unlike the phonon density of states ͑DOS͒ for a crystal, the configuration-averaged DOS of INMs for a fluid is composed of two lobes: one for the real frequencies and the other for the imaginary frequencies, which are associated with the positive and the negative local curvatures of the landscape, respectively. According to the potential energy profile of an INM, which is the potential energy hypersurface along the eigenvector direction of this mode, an imaginary-frequency INM occurs at either the barrier top of a double-well ͑DW͒ potential or the convex region of a shoulder ͑SH͒ potential, which has only single well in the whole profile; the former case is mostly found in the high-frequency end of the lobe and the latter case in the low-frequency end. [18] [19] [20] Except for a very small amount of the small-frequency SH modes, the real-frequency INMs arise from the single-well ͑SW͒ potentials, which have always positive curvatures in the potential energy profile. There is indication that for INMs in the high-frequency end of the real-frequency lobe the SW potential becomes more and more anharmonic. 20 For many fluid systems, [16] [17] [18] [21] [22] [23] [24] the INMs in the high-frequency end of both lobes are localized modes, defined as having participation ratios inversely scaling with the system size. The localization of these highfrequency INMs can be understood, since the anharmonicity in the potential energy profiles of these INMs becomes dominant.
Recently, in terms of the standard instantaneous normal mode analysis and a newly defined quantity, the reduced participation ratio, Wu and Ma have presented the evidence for the existence of quasilocalized, low-frequency INMs in a model simple dense fluid, in which the pair interaction is merely the repulsive portion of the Lennard-Jones ͑LJ͒ potential. 25 This pair potential is named as the truncated LJ ͑TLJ͒ potential, and the fluid, the TLJ fluid. Since the TLJ potential is purely repulsive, these low-frequency INMs are found only in the imaginary-frequency lobe. Many characteristics of these INMs are quite similar as those of the resonant modes in solids. In a large scale beyond the INM approximation, the potential energy profiles of these quasilocalized INMs are strongly anharmonic, single-well potentials, with small variations near the bottom to cause the INM frequencies to be imaginary. At a fixed low frequency, the more quasilocalized the INM is, the stronger the anharmonicity in its potential energy profile. One of the major differences between these INMs and the resonant modes in solids is that their lifetimes are extremely short. Therefore, these quasilocalized, low-frequency INMs are named as instantaneous resonant modes 25 ͑IRMs͒. The short-ranged nature of the TLJ potential is essential for the occurrence of IRMs in the TLJ fluid; the IRMs are never present in the LJ fluid at the same density and temperature. It is the interplay between the interaction range and the mean nearest-neighbor separation in the TLJ fluid that leads to the presence of barely isolated particles, where the centers of these quasilocalized IRMs are located.
More recently, using the same technique of analysis, Wu and Tsay 26 have found by molecular dynamics simulation that the IRMs exist in the high-temperature Ga liquids and have frequencies very close to those of short-wavelength, nonacoustic excitations observed by means of inelastic neutron scattering in a recent experiment. 27 Therefore, it will be interesting to further investigate the nature and characterization of the IRMs in simple dense fluids and the thermodynamic criterion on the fluids for their occurrence. To find the conditions on a simple dense fluid in which the realfrequency IRMs may exist is also one aim of this paper.
In this paper, the TLJ fluid is still our basic model fluid for studying the characteristics of IRMs. In Sec. II, we show the difference in characteristics between the quasilocalized IRMs and the high-frequency localized INMs, and present the evidence from the geometric analyses on the local structures that the occurrence of an IRM in the TLJ fluid is indeed associated with a barely isolated center, which has only one or two interacting neighbors. In Sec. III, by studying the density of states of IRMs in various thermodynamic states of the TLJ fluid and in fluids with different interaction ranges of pair potentials, we propose a necessary criterion for the occurrence of IRMs in the simple dense fluids. Furthermore, choosing a pair interaction, which is still short-ranged but has a tiny attractive well, and a proper thermodynamic state, which satisfies the necessary occurrence criterion for IRMs, we indeed find the real-frequency IRMs in this simple model fluid. Our conclusions are given in Sec. IV.
II. QUASILOCALIZATION OF IRMS
In computer simulation, a finite-range pair potential based on the LJ interaction is usually given by
͑1͒
where A and B are chosen so that both the potential and the force vanish at some cutoff r c , and beyond the cutoff the potential is truncated. This potential is close to the original LJ potential as the value of r c is large enough. The reflection point in the attractive part of the original LJ potential, which is at (26/7) 1/6 Ϸ1.244, is a critical value of r c . As r c is less than this critical value, the potential given in Eq. ͑1͒ becomes purely repulsive; otherwise, the potential has an attractive well. The TLJ potential can be described by Eq. ͑1͒ by setting r c ϭ2
Ϸ1.122, the distance corresponding to the minimum of the original LJ potential, and by Aϭ0 and Bϭ⑀. We have carried out a series of molecular dynamics simulations for a system of 750 particles interacting via the pair potential given in Eq. ͑1͒ with several cutoffs varying from 2 1/6 to 3.5, so that the pair-interaction range of the simulated fluids varies from short-ranged to long-ranged. The reduced densities *ϭ 3 in our simulations are from 0.7 to 0.972 and the reduced temperatures T*ϭk B T/⑀ from 0.5 to 1.3. The details of the simulations and the calculation of the INM DOS are found in Refs. 22 and 25. In an N-particle system, the reduced participation ratio
is the number of particles involved in this INM, and is given by
with e j ␣ the component of the normalized INM eigenvector on atom j, and Q N ␣ similar to R N ␣ given in Eq. ͑2͒, except that the term of the largest eigenvector component is excluded from the summation. Thus, the value of s ␣ is between 0 and 1. For an IRM, there is a quasilocalized center, in which a sharply peaked component on a particle is surrounded with a small-amplitude background, so that s ␣ will be close to zero. On the other hand, for an extended INM, in which the magnitudes of all eigenvector components are comparable, both R N ␣ and Q N ␣ scale with N and s ␣ is close to unity. Therefore, s ␣ acts as a measure for the quasilocalization of IRMs in a fluid.
For the TLJ fluid at *ϭ0.88 and T*ϭ0.836, the R N () distribution, 22, 25 which is the configuration average of R N ␣ within a small frequency width, has a sharp dip in the imaginary-frequency lobe at a region of frequency less than 5 0 , 25 where 0 ϭ(⑀/m 2 ) Ϫ1/2 and m is the mass of each particle. Near the depth, the value of R N () depends on N, but does not scale with N. This implies that quite a portion of INMs in this region are quasilocalized in space. No corresponding dip is found in the R N () distribution of the LJ fluid at the same density and temperature. By comparing the INMs in these two fluids with pair interactions in different ranges, the small-imaginary-frequency INMs in this TLJ fluid can be roughly classified into three groups: the IRMs for s less than 0.1, the interacting IRMs for s between 0.1 and 0.5, and the extended INMs for s larger than 0.5 ͑our qualitative results given later are insensitive to the exact values of s for dividing these three groups͒. In Fig. 1 , we show the DOS of the imaginary-frequency INMs with the reduced participation ratios less than 1, 0.5, and 0.1, respectively, in this TLJ fluid.
The magnitudes of e j ␣ , which are plotted as a function of the distance from the largest eigenvector component particle, and the potential energy profiles of three INMs from each group, have been presented in Fig. 4 of Ref. 25 . With the classification given above, a small-frequency INM with s Ͻ0.1 indeed has a quasilocalized center with the characteristic we described above for an IRM. While the potential energy profile of an IRM, in a local scale, may be a DW potential with a very small barrier, or a SH potential with the shoulder region very close to the minimum of the single well, the profile is actually part of a single well with strong anharmonicity, if it is examined in a global scale beyond the scale for the INM approximation. We believe that it is this strong anharmonicity that plays an important role in making the INM quasilocalized. With the same presentation for those three INMs, we illustrate in Fig. 2 the difference in character between a quasilocalized IRM and a high-frequency localized INM. In the latter case, the decay of the eigenvector components away from the particle with the largest component is more like an exponential decay. 23 For an interacting IRM, there are more quasilocalized centers, with some interactions between them. 7 The larger the value of s, the more the magnitudes of the peaked components on those central particles in an interacting IRM are reduced as compared with those of IRMs. On the other hand, for an extended INM, one can hardly identify a localized center, although the magnitudes of the eigenvector components fluctuate from particle to particle.
In order to manifest further the quasilocalization character of an IRM, we define three quantities for each INM ␣, where
where r j1 is the distance between particle j and particle 1. We define the interacting neighbors of a particle in the TLJ fluid as those particles having distances from the particle less than the cutoff r c . Thus, ñ ␣ is the number of the interacting neighbor of particle 1, ẽ ␣ is the magnitude sum of the eigenvector components on those interacting neighbors, and ␣ is the total interaction between the particle 1 and its interacting neighbors.
We divide the imaginary-frequency INM DOS shown in Fig. 1 into two sections at 5 0 so that the IRMs and the high-frequency localized INMs apparently fall in different sections. In each section, we make a configuration average for ñ ␣ , ẽ ␣ , and ␣ with respect to the INMs having reduced participation ratios within a small width. After these averages, we obtain, respectively, ñ Ͻ (s), ẽ Ͻ (s), and Ͻ (s) for imaginary frequencies less than 5 0 , and ñ Ͼ (s), ẽ Ͼ (s), and Ͼ (s) for imaginary frequencies larger than 5 0 . The results of these averaged functions are shown in Fig. 3 . In the TLJ fluid discussed above, the average number of interacting neighbors is about 4.75. Figure 3͑a͒ clearly shows that both ñ Ͻ (s) and ñ Ͼ (s) are below this average value. However, ñ Ͼ (s) does not vary much with s, but ñ Ͻ (s) decays with the decreasing of s in general, and is less than two for sϽ0.1. So, on average, the IRMs have two interacting neighbors at most.
The trend of ẽ Ͻ (s), shown in Fig. 3͑b͒ , decays, in general, with the decreasing of s; however, the function has two peaks at sϭ0.5 and sϭ0.465. These two peaks are not completely due to the statistical fluctuation in the configuration average, but resulted from some special INMs. According to the definition of the reduced participation ratio, an INM with sϭ0.5 has two large eigenvector components with exactly equal magnitudes; a little bias on the magnitudes of these two large components will cause the value of s to be a little less than half. We have found two kinds of INMs with s ϭ0.5 and their characters are shown in Fig. 4 . The magnitudes of the two large eigenvector components shown in Fig.  4͑a͒ are exactly equal to 1/ͱ2, and the two corresponding particles, having a separation less than 2 1/6
, form a dimer isolated from the rest of the particles in the fluid. The INM on this isolated dimer is clearly proven to be optical-like. In Fig. 4͑b͒ , the separation between the two large-component particles is about half of the simulation box length. In the TLJ fluid, the probabilities of finding INMs with s near 0.5 are rather small. It is these small probabilities that make the function of ẽ Ͻ (s) near sϭ0.5 split into two peaks.
From Figs. 3͑b͒ and 3͑c͒, both the functions of ẽ Ͻ (s) and Ͻ (s) in the IRM region decrease with decreasing s. This fact indicates that the central particle of an IRM interacts less and less with its interacting neighbors as the IRM becomes more and more quasilocalized. Combined with the result analyzed from ñ Ͻ (s) in the small-s region, we propose a barely isolated center picture for the local structure around the central particle of an IRM in the TLJ fluid, in which the local structure is constructed with the slight interactions between the central particle and only one or two of its nearest neighbors. According to the differences in behavior of the FIG. 3 . Three functions of the reduced participation ratio s about the interacting neighbors of the particle with the largest eigenvector component of an imaginary-frequency INM in a TLJ fluid: The averaged number of the interacting neighbor ͑a͒, the sum of the magnitudes of the eigenvector components on those interacting neighbors ͑b͒, and the total interaction between the central particle and its interacting neighbors ͑c͒. The solid lines and the dashed are averaged for the INMs of imaginary frequencies below and above 5 0 , respectively. Note that in ͑b͒ and ͑c͒ the right-hand and lefthand vertical scales are for the dashed and solid curves, respectively. ẽ Ͼ (s) and Ͼ (s) functions from those of ẽ Ͻ (s) and Ͻ (s), respectively, the topology of the local structure around the center of an IRM is expected to be quite different from that of a high-frequency localized INM, which has a central particle strongly interacting with its interacting neighbors.
Our picture of the local structure of an IRM can be verified through the geometrical analysis on the microstructure of the TLJ fluid. We have carried out two different structural analyses for the TLJ fluid at *ϭ0.88: the statistical distributions for the number of the interacting neighbor and the Voronoi-cell 28 volume of each particle in the fluid, in which the Voronoi cell of a particle is defined as the polyhedral whose interior contains all points which are closer to the particle than to any other particles. The average Voronoi volume of each particle in a fluid can be obtained from the inverse of the fluid density, which is about 1.136 in reduced units for this TLJ fluid. To characterize the local structure of each INM, we focus on the number of interacting neighbors and the Voronoi volume of the central particle in each INM, which has the largest eigenvector component. This local structure characterization of a normal mode is significant for the localized or quasilocalized INMs, but not for the ex- with s less than 0.1, which is the IRM region, the Voronoi-volume distribution covers almost the same range as that for sϽ0.5; however, the number distribution on the interacting neighbor shifts toward even smaller value, and does not have significant values above 3. Thus, the results of these geometrical analyses are consistent with our picture of the local structure of the IRMs given above. In addition to this verification, our results also indicate that the local structures of the high-frequency localized INMs are more compact than those of the IRMs, with more interacting neighbors and smaller Voronoi volumes.
III. CRITERION FOR THE OCCURRENCE OF IRMS
Although we have presented the characteristics of the IRMs in the TLJ fluids, the criterion for the occurrence of IRMs in dense fluids is still an open question. In order to find the answer to this question, we have carried out two series of simulations: one for checking the density and temperature dependence of the IRMs in the TLJ fluid, the other for examining the effect of the shape of pair potential on the occurrence of IRMs by tuning the cutoff in Eq. ͑1͒ for systems at constant density and temperature. For these two series of simulations, we take the thermodynamic state (*ϭ0.88 and T*ϭ0.84) of the TLJ fluid discussed in the last section as a reference one.
For the TLJ fluid at *ϭ0.88 and three different temperatures, the DOS of the imaginary-frequency INMs with s less than 0.1, 0.5, and 1, respectively, are shown in Fig. 6 . At the small imaginary frequency region, the temperature dependence of the DOS with s less than 0.1 follows that of the total DOS ͑with s less than 1͒ and the ratios of these two DOS are insensitive to temperature. Thus far, we conclude that the occurrence of IRMs in the equilibrium TLJ fluids is independent of temperature. 29 Based on the barely isolated center picture on the local structures of IRMs given in the last section, the possibility for the IRMs occurring in a simple dense fluid essentially depends on two factors in competition: the density of the fluid and the interaction range of the pair potential. That is, the occurrence of the IRMs is actually determined by a competition in length between r c , the cutoff of the pair potential, and d, the mean nearest-neighbor separation, which depends on density through the definition
.
͑7͒
How this competition determines the occurrence of IRMs in dense fluids can be understood from the following argument. Consider first fluids with finite short-range interactions, like the TLJ fluid. As dϾr c , the barely isolated centers are easily generated due to the local density fluctuation. In the other limit, as dϽr c , the fluid becomes packed, and each particle is not so easily detachable from its neighbors due to the local density fluctuation, even though the interaction range is short. Thus, in some thermodynamic states with the ratio r c /d above some critical value, the barely isolated centers can not be generated so that the IRM DOS is expected to vanish. On the other hand, consider the case, like the second series of our simulations, in which the densities of the fluids are fixed, as are the values of d, but the interaction range r c can be changed. As long as the fixed density is high enough, the structures of these systems should be similar, since the structure of a fluid is primarily determined by the short-range repulsive force. We expect that the IRM DOS of these constant-density fluids should decrease by increasing the interaction range of the pair potential, and disappear as the ratio r c /d is above a critical value. In order to test our argument, we have calculated the imaginary-frequency INM DOS with s less than 0.5, which includes both the IRMs and the interacting IRMs, for systems with several different values of the ratio r c /d, and the results are illustrated in Fig. 7 . In the TLJ fluids at a constant temperature, as the value of r c /d increases from 0.87 (* ϭ0.88) to 0.9 (*ϭ0.972), the low-frequency peak of the INM DOS with sϽ0.5 shrinks dramatically and its position shifts to a higher frequency. Quantitatively, for imaginary frequencies less than 5 0 , the area under this DOS curve at r c /dϭ0.9 is estimated to be one third of that at r c /d ϭ0.87. 2.7 for r c ϭ3.5. We have checked the radial distribution functions, g(r), of these two systems, and no significant differences are found. This result agrees with the theory of Chandle, Weeks, and Andersen, 30 and indicates that the static structures of these constant-density fluids are basically similar, which is a consequence of the same repulsive shortrange interactions. As the value of r c /d increases to 0.96, the INM DOS with sϽ0.5 reduces further and there is no bump in the low-frequency section. However, by further increasing the value of r c /d, the DOS with sϽ0.5 does not change at all.
According to the above analyses, we conclude that the DOS of the IRMs in a dense fluid is sensitive to the ratio r c /d, and propose that the ratio less than a critical value about 0.95 be the necessary criterion for the occurrence of the IRMs. The exact value of this critical ratio needs to be further determined, but, does not affect our qualitative conclusion. So far, the IRMs in the dense fluids with shortranged repulsive pair interactions are only found to be in the imaginary-frequency lobe. Practically, the real-frequency IRMs, even in some model fluids, are more interesting. Our proposed necessary occurrence criterion serves as a guideline for finding the fluids having the real-frequency IRMs.
We suggest two conditions for a dense fluid to have the real-frequency IRMs: ͑1͒ a short-range pair interaction with a attractive well, and ͑2͒ the density of the system satisfied with the necessary IRM occurrence criterion. In order to satisfy these two conditions, we consider a system of particles interacting via the pair potential given in Eq. ͑1͒ with r c ϭ1.32 and choose the reduced density of the system to be 0.7. For this chosen model fluid, the pair potential is still short-ranged, but has an attractive well with a depth about 0.02⑀ at rХ1. 19 . The value of r c /d of this model fluid is about 0.945, and the calculated INM DOS of this fluid at T*ϭ1.0 are shown in Fig. 8 . We found that, in addition to the imaginary-frequency IRMs, the DOS of the IRMs extends into the low-frequency part of the real-frequency lobe. Therefore, this result justifies the two conditions for the occurring of the real-frequency IRMs.
IV. CONCLUDING REMARKS
In this paper, we have presented the general characteristics of IRMs, which are the low-frequency, quasilocalized INMs, in the dense fluids with short-ranged pair interactions. For the TLJ fluid, in which the short-ranged pair interaction is purely repulsive, the IRMs are only found in the imaginary-frequency lobe, which is associated with the negative local curvatures of the potential energy landscape. Through examining the potential energy profiles of these IRMs, the potential energy hypersurface along the IRM eigenvector directions, we found that in a large scale beyond the INM approximation the IRMs basically occur in strongly anharmonic, single-well potentials with small variations near the bottom of these wells producing the negative local curvatures. Combined with the geometric analysis on the structure of the fluid, the quasilocalization of the IRMs is found to be centered at the barely isolated particles in the fluid, which slightly interact with one or two of their neighbors. We also examined the differences in character between the IRMs and the high-frequency localized INMs in the TLJ fluid through comparing the interacting neighbors of the largest eigenvector component particles of these two kinds of INMs, and the interactions between this particle and its interacting neighbors. Our results indicate that the characteristics of these two kinds of localization are quite different. The more quasilocalized an IRM is, the less are the interactions between the central particle and its nearest neighbors. On the contrary, a high-frequency localized INM has a central particle strongly coupled with its neighbors, with stronger interactions for more localization.
The occurrence of the IRMs in a simple dense fluid is sensitive to the ratio of r c /d, where r c is the pair interaction range and d the mean nearest-neighbor separation of the fluid. The necessary criterion for the IRM occurrence is simply that the value of r c /d of the dense fluid is lower than a critical value, which is found to be about 0.95. In a dense fluid with r c /d less than this critical value, the IRMs are generated due to the local density fluctuation. The picture is consistent with that of the soft vibrational modes in metallic glasses due to the fluctuation of the density and the force constants. 39 According to the necessary occurrence criterion for the IRMs, some consequences have been given, and some suggestions are proposed. Choosing a proper model fluid, in which the pair interaction is still short-ranged but has a tiny attractive well, and the density of the fluid is fulfilled with the necessary occurrence criterion for the IRMs, we have found the real-frequency IRMs in this model fluid. This result makes the IRMs in dense fluids more significant. It will be interesting to further study the characteristics of these real-frequency IRMs and how they are related to the physical quantities of a fluid.
The next question one may ask is what real physical systems may be good candidates to detect the presence of the IRMs. As mentioned in Sec. I, the IRMs have been found in the high-temperature Ga liquids, which have a peculiar pair potential. 26 The short-range nature of the pair interaction is essential for the occurrence of the IRMs. Recently, there have been many studies [31] [32] [33] [34] [35] on the role of the interaction range in the phase behavior in the colloidal physics. Colloidal dispersions 36 are the physical systems in which the interaction range between colloids is controllable, from shortranged to long-ranged, and from purely repulsive to that with a deeply attractive well. 37 Many realistic examples and references can be found in the related literature in colloidal science; 38 the details are beyond the scope of this paper. Thus, we suggest that the colloidal dispersions are also the suitable physical systems to study the IRMs.
